A proof of Bell's theorem using two maximally entangled states of two qubits is presented. It exhibits a similar logical structure to Hardy's argument of "nonlocality without inequalities." However, it works for 100% of the runs of a certain experiment. Therefore, it can also be viewed as a Greenberger-HorneZeilinger -like proof involving only two spacelike separated regions. Bell's theorem [1] states that one cannot in general reproduce the results of quantum theory with a classical, deterministic local model. Hardy's argument of "nonlocality without inequalities" [2] is considered "the best version of Bell's theorem" [3] . Curiously enough, while in the original proof of Bell's theorem using inequalities the maximum discrepancy with local models occurs for maximally entangled states [4] (also known as "Bell states" [5] ), Hardy's proof is not valid for maximally entangled states. It works only for entangled but nonmaximally entangled states (also known as "Hardy states" [6] ). This curious feature has led to several attempts and suggestions to develop a Hardy-like argument for maximally entangled states of two qubits. However, so far none of these proposals has worked [7] . In addition, Hardy's argument works only for 9% of the runs of a certain experiment. On the other hand, the proof of Bell's theorem by Greenberger, Horne, and Zeilinger (GHZ) [8] [9] [10] [11] works for 100% of the runs but requires three observers (instead of two, as in Hardy's proof).
Bell's theorem [1] states that one cannot in general reproduce the results of quantum theory with a classical, deterministic local model. Hardy's argument of "nonlocality without inequalities" [2] is considered "the best version of Bell's theorem" [3] . Curiously enough, while in the original proof of Bell's theorem using inequalities the maximum discrepancy with local models occurs for maximally entangled states [4] (also known as "Bell states" [5] ), Hardy's proof is not valid for maximally entangled states. It works only for entangled but nonmaximally entangled states (also known as "Hardy states" [6] ). This curious feature has led to several attempts and suggestions to develop a Hardy-like argument for maximally entangled states of two qubits. However, so far none of these proposals has worked [7] . In addition, Hardy's argument works only for 9% of the runs of a certain experiment. On the other hand, the proof of Bell's theorem by Greenberger, Horne, and Zeilinger (GHZ) [8] [9] [10] [11] works for 100% of the runs but requires three observers (instead of two, as in Hardy's proof).
In this paper, I introduce a Hardy-like proof which works for 100% of the runs of an experiment. It requires only two observers and is based on maximally entangled states of two qubits. This proof is more complicated than the original by Hardy, since it involves two copies of the maximally entangled state (instead of just one), but it preserves the logical structure of the original argument. The proof is inspired in Hardy's argument [2] (see also [3, 6, 12, 13] ) and in a proof of the Kochen-Specker theorem [14] by Peres [15] and Mermin [16] (see also [17] [18] [19] [20] ).
A qubit is a quantum two-level system like, for instance, the spin state of a spin-1 2 particle. Consider a source of two qubits in the singlet state
where j01͘ ij j0͘ i ≠ j1͘ j , and where s z j0͘ j0͘ and s z j1͘ 2j1͘, s z and s x being the Pauli spin matrices. Suppose the source emits two singlets so that the initial state is
The scenario for the proof is the following: particle 1 moves away from particle 2, and particle 3 moves away from particle 4. At a given time, an observer, Alice, has access to particles 1 and 3, while in a spacelike separated region a second observer, Bob, has access to particles 2 and 4. I use the following notation: For particles 1 and 3 (Alice's particles) A i s zi and a i s xi ; for particles 2 and 4 (Bob's particles) B j s zj and b j s xj . On the other hand, the product of two letters represents the product of the corresponding operators; for instance, A 1 A 3 s z1 ≠ s z3 . The results of the measurements of all these operators can be either 21 or 11.
Using this notation, the state (2) has the following properties:
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and
where P c ͑A 1 B 2 ͒ is the probability of A 1 and B 2 giving the same result, and P c ͑B 2 B 4 j A 1 A 3 11͒ is the conditional probability of B 2 and B 4 having the same result given that the result of A 1 A 3 is 11. Properties (3)- (11) will be proved later. Now let us focus our attention on the logical argument of proving Bell's theorem that can be deduced from them. Properties (3)-(6) allow us to establish that there exist "elements of reality," as defined by Einstein, Podolsky, and Rosen (EPR) [21] , corresponding to 4 , a 3 , and b 4 . According to EPR, "If, without in any way disturbing a system, we can predict with certainty (i.e., with probability equal to unity) the value of a physical quantity, then there exists an element of physical reality corresponding to this physical quantity" [21] . Property (3) tells us that if Alice (Bob) measures A 1 on particle 1 (B 2 on particle 2), then she (he), without in any way disturbing particle 2 (particle 1), which is assumed to be in a distant spacelike separated region, can predict with certainty the result of B 2 (A 1 ). Therefore, there exists an element of reality corresponding to B 2 (A 1 ). This implies that its value was present before Alice's (Bob's) measurement and thus does not depend on Alice's (Bob's) choice of experiment. Identical arguments based on properties (4)-(6) lead us to establish that there exist elements of reality corresponding to a 1 , b 2 , A 3 , B 4 , a 3 , and b 4 .
On the other hand, property (7) tells us that, when Alice measures A 1 A 3 on particles 1 and 3 and finds the result 11, then she, without in any way disturbing particles 2 and 4, which are assumed to be in a distant spacelike separated region, can predict with certainty that if Bob measures B 2 and B 4 , he will find the same result for both. Since B 2 and B 4 are elements of reality, they were determined before Alice's measurement and thus cannot depend on Alice's choice of experiment. Properties (8)- (10) lead to similar arguments.
The four physical magnitudes A 1 A 3 , a 1 a 3 , B 2 b 4 , and b 2 B 4 are represented by commutative operators and thus they can be jointly measured on the same system. Indeed, according to property (11) , the four conditions appearing in (7)- (10) 
However, any assignment of values, either 21 or 11, that satisfies (12)- (15), would be in contradiction with one of the properties (3)- (6) . To prove this, let us suppose that the four properties (3)- (6) were satisfied. Then, the values of the elements of reality would satisfy the following relations:
However, the eight equations (12)- (19) cannot be satisfied simultaneously because when we take the product of all of them, the result is
Equation (20) has no solution because B 2 , b 2 , A 3 , and a 3 can take only the values 21 and 11. We therefore conclude that the predictions of quantum theory for these events cannot be reproduced with any classical local model based on EPR criterion of elements of reality. As a close examination reveals, a similar contradiction can be found every time the product of the results of (Alice's measurements) A 1 A 3 , a 1 a 3 (and of Bob's measurements), B 2 b 4 , b 2 B 4 , is 21, and there is no contradiction if the product is 11. In principle, there are 16 possible outcomes; in eight of them, the product is 11, and in the other eight, the product is 21. It would therefore be interesting to calculate the probability of occurrence of each of the 16 possible outcomes. The results of these calculations (which will be explained in more detail later) are in Table I . Surprisingly, as a scrutiny of Table I shows, only those events in which the product of the results of  A 1 A 3 , a 1 a 3 , B 2 , cannot be reproduced with any local model. This argument exhibits a similar logical structure to Hardy's. Both require a series of experiments to establish that all the outcomes that never happen (or always happen) are indeed never (or always) found. In our case, these experiments are those to test quantum predictions (3)-(10). Having done that, and having drawn inferences based on EPR criterion, both arguments come to a crucial experiment. In Hardy's crucial experiment a maximum of 9% of the runs [2, 3, 13] (or almost 50% in its "ladder" version [22, 23] ) yield results that are in contradiction with the EPR inferences. In the proof presented here the crucial experiment is the one whose results are in Table I . According to quantum mechanics, all the runs of this experiment yield results that are in contradiction with the EPR inferences.
The fact that the contradiction occurs in all the runs resembles the four-particle version of the proof of Bell's theorem by GHZ [8, 11] . However, GHZ's proof is not based on the state (2) but in a "GHZ state" of four qubits. The main difference is that while in the GHZ argument, any EPR inference on one qubit requires a measurement on the other three qubits; in our argument, the EPR inferences on Alice's qubits require only measurements on Bob's qubits. That is, while GHZ need to consider four (or three, in the three-particle version [9] [10] [11] ) different combinations of two spacelike separated regions, the argument presented here needs only two spacelike separated regions.
Let us now prove properties (7)- (11). For instance, property (7) is true if and only if
Condition (21) is fulfilled because (22) is also fulfilled because the left hand side of Eq. (22) can be written as
where the four probabilities appearing on the right hand side of Eq. (23) are zero, due to the properties (3) and (5). Similar arguments allow us to prove properties (8)- (10) .
To demonstrate property (11), it will be useful to calculate the set of common vectors of A 1 A 3 and a 1 a 3 and the set of common vectors of B 2 b 4 and b 2 B 4 . The common eigenvectors of s z ≠ s z and s x ≠ s x are the Bell states
These Bell states satisfy the following equations:
The common eigenvectors of s z ≠ s x and s x ≠ s z are the Bell states
where s x j0͘ j0͘ and s x j1͘ 2j1͘. These Bell states satisfy the following equations:
Therefore, the probability appearing in Eq. (11) can be calculated as the probability of finding the common eigenvector of s z1 ≠ s z3 , s x1 ≠ s x3 , s z2 ≠ s x4 , and s x2 ≠ s z4 , with eigenvalues 11, 11, 11, and 21, respectively; that is
where ͗f 1 x 2 j ͗f 1 j 13 ≠ ͗x 2 j 24 , and jc͘ 1324 is the state defined in (2), after permuting qubits 2 and 3. To calculate P it is useful to express the state (2) as
Then is easy to obtain that P 1 8 . A similar reasoning leads to each of the probabilities appearing in Table I .
These probabilities can also be obtained by realizing that a measurement of A 1 A 3 and a 1 a 3 is equivalent to a measurement of the Bell operator whose eigenvectors are the Bell states ͕jf 6 ͘, jc 6 ͖͘ on particles 1 and 3. Such measurement induces, via "entanglement swapping" [24] 3 and a 1 a 3 (B 2 b 4 and b 2 B 4 ) is equivalent to measuring a Bell operator whose eigenvectors are the Bell states ͕jf 6 ͘, jc 6 ͖͘ (͕jx 6 ͘, jv 6 ͖͘). Indeed, since no complete discrimination between the four Bell states is needed to obtain an event which cannot be explained with local models (it is enough to detect, for instance, jf 1 ͘ 13 and jx 2 ͘ 24 ), then previous setups to distinguish between two of the four Bell states in the case of photons entangled in polarization [28, 29] can be used for this purpose.
If a complete discrimination between the four Bell states ͕jf 6 ͘, jc 6 ͖͘ (͕jx 6 ͘, jv 6 ͖͘) were possible (for some proposals, see [30] [31] [32] [33] ), it would be interesting to experimentally verify the predictions of quantum mechanics contained in Table I , that is, to verify whether, out of the 16 possible results of the experiment in which Alice measures A 1 A 3 and a 1 a 3 , and Bob measures B 2 b 4 and b 2 B 4 on the state given by Eq. (2), only those eight that are unexplainable with local models have a nonzero probability to occur.
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